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o 

' Abstract. We get a new inequality on the Hodge number h^'^{S) of fibred alge- 

, braic complex surfaces S, which is a generalization of an inequality of Beauville. 

Our inequality implies the Arakelov type inequalities due to Arakelov, Faltings, 
Viehweg and Zuo, respectively. 



(N 



1. Introduction and main results 



I For a compact complex Kahler surface S, we have several Hodge numbers 

^ " However, the Hodge number h^'^ is not well understood comparing with the others. 

Lefschetz's (l,l)-theorem tells us that the Neron-Severi group NS(S') = H^'^{S) fl 
H'^{S,'L). Denote by p{S) = rankNS(5') the Picard number of S, i.e., the rank of 
^ : NS(5). Then we have h^'\S) > p{S). 

^ ■ Theorem 1.1 ( |BP V04] . Corollary 5.4). // a compact Kdhler surface S does not 

'. admit any fibration with connected fibers over a curve of genus b>2, then 

(1.1) h''\S)>2q{S)-l. 

^ ! In what follows, we consider the case when S admits a fibration f : S C over a 

smooth curve C of genus b. It is obvious that q{S) > b. We assume that the fibers 
are connected and the generic fiber is a smooth curve of genus g. Let Fi, - ■ ■ ,Fs 
. be all singular fibers of / and i{Fi) be the number of irreducible components of Fj. 

^ ; Theorem 1.2 f |Bea81j . Lemma 2). 

s 

(1.2) h''\S)>p{S)>2 + Y,m)-^)- 

1=1 

In this paper, we will generalize Beauville's inequality. 
Theorem 1.3. Let f : S ^ C be a genus g fiberation as above, b = g{C). Then 

s 

(1.3) h''\S) > 2{q{S) -b)b + 2 + 5^(£(F,) - 1). 



^This work was supported by the SFB/TR 45 Periods, Moduli Spaces and Arithmetic of 
Algebraic Varieties of the DFG (German Research Foundation). 

^The first and the second named authors are also supported by NSFC, the Science Foundation 
of the EMC and the Foundation of Scientific Program of Shanghai. 

'^The first author is also supported by the Fundamental Research Funds for the Central 
Universities. 

'^Key words and phrases. Hodge number, Arakelov inequality, singular Jacobian, singular fiber. 

1 



2 JUN LU, SHENG-LI TAN, FEI YU, AND KANG ZUO 

As a consequence, 

h^'\S) >2bq{S) + 2-2b, 
it is an analogue of (11. ip for fibered surfaces. 

Let Fi, ■ ■ ■ , Ffc be all irreducible components of a given fiber F, and Fj — Fj be 

k _ 

the normalization of Fj. g{F) := ^ fl'(Fj) is called the geometric genus of F. One 

i=l 

can see that g{F) < Pa{F) = g. 

Denote by qf := q{S) — b the relative irregularity of /. Beauville |Bea81] proves 
that for any fiber F, 

(1.4) g{F) >qf>0. 

Let Si be the number of singular fibers satisfying g{F) < g, without loss of 
generality, we assume that Fi, ■ ■ ■ , Fg^ satisfy g{F) < g. In fact, si is exactly the 
number of singular fibers of the associated family of Jacobians of the fibers. The 
new inequality on h^'^ is related to the Arakelov inequality due to Viehweg and the 
last author. 

Theorem 1.4. With the notations as above, we have 

Sl 

2 deg f^us/c = {g- qf){'2b - 2 + s^) - ^^(^(F,) - qj) 

1=1 

- (h'^\S) - 2qfb - 2 - - 1) ) + £ 



i=l / i=l 



where g > N-p, := g — Pa(-^i,red) > 0, and Fi = a*Fi is the normal crossing model 
of Fi obtained by a sequence of blowing-ups, see Sect. [H In particular, if Fi is 
semistable, then Np_ = 0. 

As an application of the inequalities (11. 3p . (I1.4p and Theorem II. 4[ we have 

Corollary 1.5. (Viehweg-Zuo |VZ06j ) Let f : S ^ C be a non-trivial semistable 
fibration. Let si be the number of fibers with non-compact Jacobians. Then we have 

(1.5) deg f^us/c < ^-^(26 - 2 + s,). 

Furthermore, Viehweg and Zuo prove that the above inequality becomes equality 
if and only if the curve C is a Shimura curve in the moduli space of curves. 

Since si < s, the above result implies the classical Arakelov inequality as follows. 

Corollary 1.6 (Arakelov [ AraTlj . Faltings jFal83] ). 

degf^us/c<^^{2b-2 + s). 
In particular, we have a weaker inequality 

(1.6) deg f. ujs/c<^{2b -2 + s). 

Remark 1.7. In fact the inequality (11. 6p is strict when g > 2. One can also get it 
by combining Cornalba-Harris-Xiao's inequality |CH88t IXia87] 

deg f^us/c < ^s/c 
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with Vojta's canonical class inequality |Voj88| 

(1.7) ujl,c<{2g-2)-{2h-2 + s), 

which is indeed strict (cf. |Tan95l lLiu96j ). 

When / : S — 7- is a semistable family over , the equality in Theorem 11.41 
can be rewritten as 

(1-8) \{9 - q{S)){s, - 4) = p,{S) + i {g{F,) - q{S)) 

+ ^(^/^^'^(5)-2-|jWF,)-l)j, 

where the formula degf^^cos/c = xi^s) — {.9 — ^)ip — 1) is used. 

Corollary 1.8. Assume that / : S* — )■ P^ is semistable and non-trivial. Then we 
have Si > 4. si = 4 if and only if the following conditions are satisfied. 

(1) PgiS) = 0; giF,) = g(5) /or ^ = 1, ■ • ■ , 4; 

(2) h''\S) = 2+±iiiF,)-l). 

(3) qiS)<l; 

(1) and (2) are direct consequences of (II. 2p and (II. 4p . (3) will be proved in §4. 
In §5, we will present two examples of genus g = 2 with si = 4 and q{S) = 1. 
In the case when / is non-semistable, we have 

N-F^=g- Pa{Fi,red) < ^ " ^(^i) = ^ " g{F^) <g-qf. 

We get an inequality as follows. 

Corollary 1.9. /// is non-semistable, then 

degf*ujs/c < (g - qf){b - I + si). 



2. Proof of Theorem 11.31 

Let / : 5* — )■ C be a fibration of genus g over a smooth curve C of genus b, and 
Fi, - ■ ■ , -Fs be all singular fibers. Due to Beauville's inequality ( II. 2p . we can assume 
that 6 > and g/ > 0. Consider H^Qs) = Vi ® Vo, where Vq = f*H^{nc) and 
dim Vi = qj. Let 

K) = (ai ■■ ■«(,), Vi = {9i,--- ^Oq^), 

where a^'s (resp. Oj's ) are the base of Vq (resp. Vi) as a C- vector space. 
We define a homomorphism 

h:VQ(^Vi®VQ®Vi^ H^'\S), 

by h{x ® y) = X Ay ioT X ® y e Vo ®Vi ®Vo ^Vi. 

Let V2 be the subgroup of Pic(S) (8>M generated by the classes of the components 
of all fibers. Chern class induces a homomorphism ci : V2 — ?■ H^'^{S) fl H'^{S,M.). 
By the semi-negativity of the intersection matrix of a fiber, we have 

s 

dimlm(ci) = 1 + - 1). 

1=1 
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Lemma 2.1. For any ample divisor H , ci{H) ^ lmh+ (Imci)(8)MC. 

Proof. Suppose that ci (H) — a + f3 G Im /i + (Im ci) (S)^ C for some a &lmh. Let F 
be a general fiber. For any a G Im h, by the definition of h, one can see easily that 
a\F = 0. On the other hand, Zariski's lemma implies (3\f = for any /3 G Imci. 
Hence ci{H)\f = 0, i.e., HF = 0, a contradiction. □ 

Note that a, A is the pull-back of an element in H^'^{C) since h^{C,flc) — 
hP{C, Oc) = 1- So we can assume that ctj A = SifcCCi A ai as cohomology classes 
in if^'^(C), where are complex numbers. 

Lemma 2.2. The matrix E — {sik)i<j,k<b is invertible. 

Proof. Suppose that there is a vector (Ai, • • • , A;,) ^ 0, such that (Ai, • • • , A^)^ — 
0, i.e., X^SjjfcAfe = for all i. Then '^SikXk(^i A cti = 0. Namely, one has 



AjfcOii A ak — ai A XkO^k — 0, for all 



Therefore we get ^ XkC^k A ^ XkC^k = 0, that is, ^ AfcCtfc = 0. So Aj = for all i, a 
contradiction. □ 
Lemma 2.3. /i is injective. 

Proof. Suppose that there is a nonzero element in the kernel of h, 

If b If b 

(2.1) ttijai A 9j + bijCXi A 9j = du. 

j=l i=l j=l i=l 

(A Zero cohomology class means an exact form). Note that dak = dOi = 0, diAdk — 
0. By wedging cuk A 9i on both sides, one gets 

If b 

(2.2) ^ ^ Gijai A 9j Aak A9i^ d{u A A 9i). 
j=i i=i 

So 

(2.3) ^ ^ ajj£ifeQ;i A ai A 9j A9i^ d{-u Aak A 9i). 
j=i i=i 

If b 

Let ujk = ^ J2 dijeik9j. We have ai A di A Uk A 9i = d{—u A dk A 9i). It implies 
j=i i=i 

that 

cti A tti A cufc A cufc = d(— M A ttfc A cu^). 

By Stokes formula. 



= / ai A ai A c^fe A Wfc = / (q!i A a;*;) A (ai A w^) • 
Js Js 

So ai A Uk = 0, i.e., cuk = /*/5fe for some f3k G if°(C, Qc)- Thus ouk eVoH Vi, i.e., 
for any k, cuk — 0. Hence 

OijSife = 0, for any j and k. 
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Therefore Lemma [2l2] implies that fly = for all i and j. Similarly, we have bij = 0. 
It is a contradiction. □ 

Lemma 2.4. Imhf] (Imci) ®m C = 0. 

Proof. Note that Imci C H^'\S) H H^{S,R). Let Tn, ■ ■ ■ , L^^^ be the irreducible 
components of Fj, let u = Ci(F) and let Uij = Ci(Tij). Assume that 

(2.4) X ■ u + Xij ■ Uij = t G Irah, x, Xij E C. 

i=i j=i 

Note that for any component F in the fibers, )f:|r = because a^'s are puUback of 



forms on the base C. 


Similarly, co\r = 


(2.5) 


s li-l 

EE' 

1=1 j=i 


Thus 




(2.6) 


s li-l 

EE-^ 

i=i j=i 


Namely, 




(2.7) 


s £i-l 



Uiilr = 0. 



i=i j=i 

We know that the intersection matrix of Tij is negative definite, for 1 < i < s and 
1 < J < ~ 1 , we have Xij = 0. Thus we get that x ■ Ci{F) = t E Imh for some 
X EC. 

If X 7^ 0, then ci(F) E Imh. Note that ci(F) = c ■ ai A ai 7^ 0, i.e., c 7^ 0. Let 

If b Qf b 

j=l i=l j=l i=l 

As forms, we have 

If b Qf b 

(2.8) ajjCti A 6j + A 9j — c ■ ai A ai = du. 

j=l i=l j=l i=l 

Similar to the proof of the previous lemma, we get also (12.21) . Use the same proof 
as above, we get aij = bij = for any i and j. Hence — c ■ ai A ai = du. Thus as a 
class, Ci{F) = c ■ ai A ai = 0, a contradiction. This proves the lemma □ 

Combing the above lemmas, we have 

h^'^ > 1 + dim lmh + dim (( Im ci) C) . 

Then we get the desired inequality (11.31) . We complete the proof of Theorem II. 3[ 



6 jun lu, sheng-li tan, fei yu, and kang zuo 

3. Proof of Theorem 11.41 

Given a curve B in a surface X (non-zero effective divisor), we denote by i?red 
the reduced part of B. Let Fi, ■ ■ ■ , be all irreducible components of B, and 
Fj — )■ Fj be the normalization. As in the introduction, we define 

e 

g{B) = 5^^?(f,), NB=Pa{B)-Pa{B,,A). 
1=1 

Let g G -B be a singular point of -Bred, we denote by ^q{B) the Milnor's number 
of -Bred at q, and by mq{B) the multiplicity of -Bred at q. Let = Yl, f^gi^), where 

q runs over all singularities of -Bred- 

Let (7 : S ^ S he the blowing-up at q, E the exceptional curve, and B the strict 
transform of B in S. Assume that B intersects E at r points qi, - ■ ■ ,qr- 

Lemma 3.1. Assume that B is a reduced curve with a singular point q E B. Then 

(1) xtoAB) = '2x{OB)+^iB. 

(2) Let m = mq{B). Then 

r 

liq[B) = nAB) + m{m - 1) - (r - 1), 

i=l 
r 

liq{B) = ^ fiqXB + + (m - l)(m - 2) - 1, 

2=1 

(1) and (2) are proved in |Tan94j (Lemma 1.1 and Lemma 1.3.) 

Definition 3.2. A partial resolution of the singularities of -B is a sequence of 
blowing-ups a = ai o a2 o ■ ■ ■ o cr^. '■ X ^ X 

(X, a*B) = {Xr, Br) ^ X,_i ^ ■ ■ ■ ^ (Xi, B^) ^ (Xq, Bo) = (X, B), 

satisfying the following conditions: 

(i) -Br.red has at worst ordinary double points as its singularities. 

(ii) -Bj = cr*-Bj_i is the total transform of -Bj_i. 

Furthermore, a is called the minimal partial resolution of the singularities of B if 

(iii) (jj is the blowing-up of Xj„i at a singular point (-Bj_i^rcd,Pt-i) which is not 
an ordinary double point for any i < r. We denote by mj+i the multiplicity of 

(-Brcd,i,Pi)- 

In what follows, we always assume that the partial resolutions are minimal, and 
we denote by r = r{B) the number of blowing-ups in the minimal resolution and 
by S = -B^. Note that _ 

a{B) = fiB-^B) + 1 
is the first Betti's number of the dual graph of B by Euler's formula. This number 
is determined uniquely by B. 

From Lemma 13.11 and a straightforward computation, one gets the following 
lemma. 

r 

Lemma 3.3. (1) /i-g- = ^b ^ Yli^i ~ — 2) + r. 

i=l 
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(2) iV-g = iVB + iEK-l)K-2). 

1=1 

r 

(3) Pa{B,cd) = Pa{Brcd) " | " " 2). 

i=l 

For any fiber F, we define ep = Xtop(-Prcd) ~ (2 — 2(7). 

Corollary_3.4. (1) ep = 2Nf + fip = '^N-p + fip - r{F) . 

(2) pa(^rcd) > 0_and 0<NF<Np<g. 

(3) = Pa(Fred) - > anc? (7 = g{F) + Np + a{F) . 

Proof. It follows from Lemma 13.11 (1) and Lemma 13.31 immediately. Note that 
Fred = Li + ■ ■ ■ + is a connected nodal curve, PaiXi) = + (^{^i) ^"^^ 

Pa(F,,^) = Pair,) + ■■■ + Pair,) + ^ L^r,- - £ + 1 > 0. 

i<j 

a{F) = a(ri) + ■ ■ ■ + a(r,) + r,r,- - £ + 1 > 0. □ 

Let ujs/c := ujs<^ (/*i^c)^ be the relative canonical sheaf. The relative invariants 
of / are defined as follows. 

Xf ■= degf^us/c, Kf := us/c ■ ^s/c, e/ := ^ep. 

F 

It is well known that 

'K} = cl{S)-S{g-l){g{C)-l), 
Xf = x{Os)-{g-l){g{C)-l), 
ef = c,{S)-A{g-l){g{C)-l). 
By the definitions of e/, x/ and Hodge theory, one has 

e/ = 2 - 4g + 2p, + h^^\S) - A{g - - 1), 

Xf = 1 -Q + Pg -{g- !)• 

Thus 2xf ~ef = 2q + 2{g - l){b - 1) - h^'\S), i.e., 

(3.1) 2x/ = + (^7 - qf){2b - 2) + 2qfb + 2 - h''\S). 

On the other hand, from Corollary 13.41 and the fact that r(Fj) = i{Fi) — i{Fi), 
we have 

s s s 

(3.2) ef = Y, ep^ = $^(2%^ + f.^^ - r{F,)) = $^(2%^ + fi^^ - £(F,) + i{F,)) 

i=l i=l 1=1 

s s s 

= J2^F. + - P<^(nrcd) + «(F,)) + Y^im) - 1) 

i=l 1=1 i=l 

s si s 

= J2^F. + - aim + E w^^) - 1) 



i=l 1=1 1=1 

s S\ s 



i=l 1=1 1=1 

Substitute (13. 2p into (13. ip . we obtain the equality in Theorem 11.41 



8 jun lu, sheng-li tan, fei yu, and kang zuo 

4. Applications 

The following lemma is due to Beauville ( |Bea81] . Lemma 1). The original proof 
for the case when C = works for the general case. For the reader's convenience, 
we would like to recall Beauville's proof. 

Lemma 4.1. f |Bea81] ) g{Fi) > qj. 

Proof. Let F be the normalization of F, and /3 : J{F) — )■ Alb(S') be the natural 
map between the jacobian J{F) and the Albanese variety Alb(5'). Considering the 
abelian variety Q = Alb(S')/Im/3, one gets an induced map a : S ^ Q. a{F) is a 
point in Q since J{F) Q is zero. Therefore, by the rigidity theorem, a contracts 
all fibers of /. So a has a factorization through /. 




Q 



c 

Since the image of S in Alb(S') generates Alb(5'), we see that the image of C in Q 
generates Q. Thus we get a surjective map v : J{C) — )■ Q. 
We have the following commutative diagram. 

F ^ J{F) 

n 

s — iAib(5) — 



/ 




AC) 



If g{C) = 0, then Q is zero. Namely, J{F) — )■ Alb(S') is surjective. Hence g{F) = 
dim J(F) > dimAlb(5) = q. If g{C) > 0, then v : J{C) ^ Q is surjective. Thus 

g{C) = dim J{C) > dim Q = q — dim Im /3, 

i.e., dimIm/3 > qf. So g{F) = dim J(F) > dimIm/3 > qf. □ 

Similarly, from Corollary 13.41 and Lemma [4. we get Corollary 11.91 

Proof of CoroUary \1.8\ : 

From (11. 8p and the inequalities, we only need to prove that q < 1. 

Suppose that q{S) > 2. Because Pg{S) = 0, 5 is a ruled surface. The Albanese 
map a : S* — J- Alb(S') induces the P^-fibration, and = Ima is a curve of genus q. 

Because g{Fi) = g > 2, at least one irreducible component of Fj, say Fi, doesn't 
lie in the fibers of a. So 5'(Fi) > q = g{B) by Hurwitz formula. Thus 5'(Fi) = q 
and Fi is a section of a : S ^ B. It implies Fi is the unique horizonal irreducible 
component of Fi since g{Fi) = q. Since Fi is semistable, Fi = Fi+ component 
contracted by a. Let F' (resp. F) be a general fiber of a (resp. /). One has 
F'Fi = F'Ti = 1, and hence F'F = 1. So F = B. Therefore / is isotrivial. Since 
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/ : 5* — > is semistable, / must be trivial, a contradiction. This completes the 
proof of Corollary 11.81 □ 

5. Examples 

We will construct two semistable families / : S* — t- with si = 4, (7 = 2 and 
q{S) = 1. 

Example 5.1 ( |Xia85j . Example 4.7). Take six lines in as follows. 

Pi : X = 0, P2:X-Y = {], P^:Y = Q, 

Qi : 2X + Y - Z = 0, Q2: X + Y - Z = 0, Q3 : X + 2Y - Z = 0. 




This configration of 6 lines has 4 triple points x, zi, Z2, z^, and 3 double points yi, 
2/2 and 7/3. Their coordinates are as follows, x = [0, 0, 1] and 

y, =[1/2, 0, 1], y2 =[1/2, 1/2, 1], y, =[0, 1/2, 1], 

^1 =[1,0,1], ^2 =[1/3, 1/3,1], ^3 =[0,1,1] 

By Bertini's theorem, one can find an irreducible and reduced curve D of degree 
4 in P^ satisfying the following conditions. 

(1) D has ordinary double points at yi, y2 and ?/3, and no other singular points. 

(2) D passes through zi, Z2, z^ and x. 

By blowing-up P^ at x, we get a ruled surface : P — > P^. Thus we can construct 
a double cover tt : X — )■ P branched along the curve P = D + Pi + P2 + P3 + Qi + 
Q2 + Q?j- The double cover gives us a semistable fibration / : 5 — )■ P^ of genus 2. 

By a straightforward computation, we see that / is a Lefschetz pencil. Further- 
more, we have Kg = —3, Pg{S) = 0, q{S) = 1. Thus Kj = 5, x/ = 1, = 7. So / 
admits 7 singular fibers. K'j — 2%^ = 3, this means that 3 singular fibers are not 
irreducible, so Si = 7 — 3 = 4. 

si = 4, s = 7, Pg = 0, 5' = 1, h^'^ = 5. 

Example 5.2. Let pr^ : P-*^ x P-*^ — )• P-*^ be the i-th projection and F^ be a general 
fiber of pr^ {i = 1, 2). Let Bq be a smooth irreducible curve of type (2,1), i.e.. 
Bo = 2P0 + po. 
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There are two fibers and of prg tangent to Bq. By choosing two general 
fibers Fg and F4 of pr2, one can construct a double cover ttq : -B x — >■ x 



ramified over B 



of pr^. 
Let 



^ F°, where E is the puUback eUiptic curve of a general fiber 

i=l 



2Fi + 2F2, 



2T, 



L = F^ + Ts.^ 



where Fi are general fibers of the i-th projection of x P^. Thus B = 2L. We 
can construct a double cover n : Sq ^ E x branched along B^. Thus we get a 
fibration / : 5" ^ P^ of genus 2. 

Now we claim that / has six singular fibers, and four of them have non-compact 
Jacobians. Let Ei and E2 be the elliptic fibers of pr^^ : x P^ — )■ P^ such that 
the image fiber no{Ei) passes through the tangent point Bq fl F? (i = 1,2). Let 
£■3, E4 (resp. E^,Eq) are other elliptic fibers whose image fibers pass through the 
intersection points of Bq fl F3 (resp. Bq fl F4). Take pi — EiHVi, = -E'i+2 H F3, 
= n F4 (i = 1, 2) and qj = E^ n F3 (j = 1, • • • , 6). 

Ez, E-A El E4 Eg E2 



r4 























<?1 
















P3 












J 



















































F2 



pi 



Since pi ^ qi and 

2pi^B,\E,= 2L\E,^2q,, z = l,2, 

7r~^(£'j) is irreducible (i = 1,2). So the fiber Fi of / corresponding to 7r~^{Ei) 
{i = 1,2) can be written as Fi = Ci + C2 with C1C2 = 2, where Ci is a smooth 
elliptic curve and C2 is a (— 2)-curve. 

= 93 (resp. p4 = 54) implies that 7r~^£J3 (resp. 7r~^£'4) is reducible. So the 
corresponding fiber F3 (resp. F4) of / is a nodal curve Ci + C2 with C1C2 = 1 
where Ci, C2 are smooth elliptic curves. 

Similarly, one can check that tt~^E^ and tt~^Eq are irreducible. Thus the corre- 
sponding fiber F5 and Fq are singular elliptic curves with only one node. 
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By a straightforward computation, one has 

si = 4, s = 6, = 0, 5' = 1, h^'^ = 6. 

Remark 5.3. The third author proves in |YuOOj that if si = 4 and s = 5, then 
^7 = 2. 

Acknowledgements: The authors would like to thank Dr. Xin Lii for pointing 
out an error in the original proof of Lemma 12.41 
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